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Motivation — Bin Packing Problem

Packing items is a crucial problem in many applications.
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Motivation - GPU

Cores difference between CPU and GPU.
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Different trade-off propagation strength vs propagation time.
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Introduction — Bin Packing Problem

The Bin Packing Problem (BPP) involves packing n items with weights
W = [wq, ws, ..., w,] into the fewest bins of capacity c.
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The Bin Packing Problem (BPP) involves packing n items with weights
W = [wq, ws, ..., w,] into the fewest bins of capacity c.
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Introduction — BinPacking Constraint

An instance with n items of weights W = [wq, w,, ..., w,], and k bins
of capacity c is modeled as:

xi={1,...,R} iI=1...,n
[={0,...,c} j=1...,k
BinPacRing(W = [wy, ..., wp], X =[X1,.... Xa], L =[l1,. .., lk])

A Constraint for Bin Packing, Shaw, 2004 (£


https://doi.org/10.1007/978-3-540-30201-8_47

Introduction — BinPacking Constraint

Simplified propagation algorithm for the BinPacking constraint:

Procedure: propagate(c, W, k, X, L)
forj <+ 1to kdo
doLoadCoherence(j, X, W, L)
doLoadTightening(j, X, W, L)
forie{i|jexiA|x|>1}do
| doltemEliminationCommitment(i,j, X, W, L)

if getLowerBound(c, W, k,X) > k then Fail

A Constraint for Bin Packing, Shaw, 2004 [£


https://doi.org/10.1007/978-3-540-30201-8_47

Introduction - GPU Programming

- Fast. - Slow.

- Few people/tasks. - Many people/tasks.



Introduction - GPU Programming

GPU execution model is known as Single-Instruction Multiple-Thread:

- Each thread executes the same C/C++ function, called a kernel.

- Each thread has a unique index used for data access and control flow.

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5

Introduction - GPU Programming

GPU execution model is known as Single-Instruction Multiple-Thread:

Each thread executes the same C/C++ function, called a kernel.

Each thread has a unique index used for data access and control flow.

Sequential combination of the arrays A and B into C:

Procedure Main(Args) Procedure combineArrays(n, A, B, C)
n« .. fori <~ 0ton — 1do
A+ ... if i mod 2 = 0 then
. // Initialization ‘ Clil « Clil + f(Alll, Bli])
else
combineArrays(n, A, B, C) L Clil < Cli] + g(Alil, BIil)

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5

Introduction - GPU Programming

GPU execution model is known as Single-Instruction Multiple-Thread:

Each thread executes the same C/C++ function, called a kernel.

Each thread has a unique index used for data access and control flow.

Parallel combination of the arrays A and B into C:

Procedure Main(Args) Procedure combineArraysKernel(n, A, B, C)
n+< ... i« getThreadldx() // n threads
A+ ... if i mod 2 = 0 then
. // Initialization | ciil « cuil + e, B
else
nThreads « n L Cli] + Cli] + g(All, Bli])

memcpyCpuToGpuAsync(n, A, B, C)
launchKernelAsync(combineArraysKernel, nThreads, [n, A, B, C])
memcpyGpuToCpuAsync(C)

waitGpu()

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5
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GPU execution model is known as Single-Instruction Multiple-Thread:

- Each thread executes the same C/C++ function, called a kernel.

- Each thread has a unique index used for data access and control flow.

Parallel combination of the arrays A and B into C:

Procedure combineArraysKernel(n, A, B, C)
i + getThreadldx() // n threads
if i mod 2 = 0 then
rrrrrarrrrarnil | i« i+ feann, s
else
| i« cu + oA, B

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £
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Introduction - GPU Programming

GPU execution model is known as Single-Instruction Multiple-Thread:

- Each thread executes the same C/C++ function, called a kernel.

- Each thread has a unique index used for data access and control flow.

Parallel combination of the arrays A and B into C:

Procedure Main(Args) Procedure combineArraysKernelEven(n, A, B, C)
n+ .. i «+ getThreadldx() // n/2 threads
A+ ... 20

. // Initialization Cljl « CIil + f(All, BIi])

nThreads «+ a Procedure combineArraysKernelOdd(n, A, B, C)
memcpyCpuToGpuAsync(n, A, B) i« getThreadldx() // n/2 threads
launchKernelAsync(combineArraysKernelEven, nThreads, ...) j—1+2i
launchKernelAsync(combineArraysKernelOdd, nThreads, ...) Cljl <+ CIi + g(Alj], BI)
memcpyGpuToCpuAsync(C)
waitGpu()

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5

Introduction — GPU Programming

Simplified GPU architecture:
- Streaming Multiprocessors
+ CUDA Cores
L1 Cache
L2 Cache
- Global Memory

Memory latency in clock cycles:
L1 cache: 30

L2 cache

L2 cache: 260 (8x slower)

Global memory
- Global memory: 470 (15x slower)

Atomic operations:
- Min, Max, And, Or, ...

Block other access to the memory

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5

Introduction — GPU Programming

NVIDIA GeForce RTX 3080 specifications:
- Streaming Multiprocessors: 68
+ CUDA Cores: 128 at 1.4 GHz
L1 Cache: 128 KB
L2 Cache: 5 MB
- Global Memory: 10 GB

} Total of 8704 threads!

Memory latency in clock cycles:
L1 cache: 30

L2 cache

L2 cache: 260 (8x slower)

Global memory
- Global memory: 470 (15x slower)

Atomic operations:
- Min, Max, And, Or, ...

Block other access to the memory

Programming Massively Parallel Processors: A Hands-on Approach, Wen-Mei et al., 2022 £


https://doi.org/10.1016/C2020-0-02969-5

Introduction - GPU Programming

GPU acceleration enhances a wide range of fields:

- Machine Learning: PyTorch, TensorFlow, CuDNN, ...
- Numerical Analysis: MATLAB, cuBLAS, CuFFT, ...
- Scientific Simulation: GROMACS, ANSYS Fluent, Qiskit, ...

- Constraint Programming: None.

Constraint Programming has specific requirements, so it is necessary:
- Build tailored software from scratch.

- Make it transparent to the user.

https:/ /www.nvidia.com/en-us/accelerated-applications
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Design — Analysis

Simplified propagation algorithm for the BinPacking constraint

Procedure: propagate(c, W, k, X, L)
forj <+ 1to kdo
doLoadCoherence(j, X, W, L)
doLoadTightening(j, X, W, L)
forie{i|jexiAn|x|>1}do
| doltemEliminationCommitment(i,j, X, W, L)

if getLowerBound(c, W, kR, X) > k then Fail

A Constraint for Bin Packing, Shaw, 2004 (£


https://doi.org/10.1007/978-3-540-30201-8_47

Design — Stronger pruning

Two prominent approaches to obtain a tighter lower bound:

- Linear relaxation of the strong Arc-Flow model.

- Enhance the weak L; bound with a Dual Feasible Function (DFF).

Bin packing and cutting stock problems: Mathematical models and exact algorithms, Delorme et al., 2016 [


https://doi.org/10.1016/J.EJOR.2016.04.030

Design — Stronger pruning

A function f: Ny — Ny is dual feasible if, for every Ws C W:

Yow<e = Y fw) <A

weWs weWs

The combined lower bound Ly is:

Li(c, W) = Mc) 3 f(w)w

wew

14
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https://doi.org/10.1007/S101070100243
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https://doi.org/10.1007/S101070100243
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https://doi.org/10.1007/S101070100243

ger pruning

A basic DFF is fur depending on an integer parameter 0 < A < §:

0 ifw<

fur(w,\) =< c ifw>c—\
0<A<S .
w  otherwise

New classes of fast lower bounds for bin packing problems, Fekete et al,, 2001 [


https://doi.org/10.1007/S101070100243
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A basic DFF is fur depending on an integer parameter 0 < A < §:

0 ifw<
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Design — Stronger pruning

Another basic DFF is frapz With parameter £ < A < &:

A
0 ifw< A
< fA<w<c—2x
frapa2(w, A) = LiJ I
faass 15] fe-—2x<w<2x 4
C—frapa(c—w,)) if2A<w =~
2 0
(=}
g
Y= —.
L W) = A
ra2(C, W) = ?Aaé fRADzC)\ ZfRADZ(W )
wew
——0 T
w C

Theoretical investigations on maximal dual feasible functions, Rietz et al,, 2010 £

16


https://doi.org/10.1016/J.ORL.2010.01.002

Design - Stronger pruning

Fravo(w, A) =
£<ALS

Lrapa(C, W) = max
<)\<L

fRADz(c ) W%meuz(w /\)w

A survey of dual-feasible and superadditive functions, Clautiaux et al,, 2010 [£'

16


https://doi.org/10.1007/S10479-008-0453-8

Design - Stronger pruning

fon =118

WA
if %A
M/ if My o
c

c Otherwjsq

Lrapa(C, W) = max
<)\<L

fRADz(C ) > frana(w, /\)w

wew

A survey of dual-feasible and superadditive functions, Clautiaux et al,, 2010 [£'
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frapa2(w, A) =

ek

Lrap2(c, W) = mAaé

) ZfRADZ(W A)

fRADZ(C A wew

A survey of dual-feasible and superadditive functions, Clautiaux et al,, 2010 [£'
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Design - Stronger pruning

{[ S0~ cmod 1)
[¥“A‘CmMA)+meA Fwmod A < ¢ mog

fra2 (W, A)
F<AZS
—Cmod )\ otherwise

Lrapa(C, W) = max
<)\<L

fRADz(C ) > frana(w, /\)w

wew

A survey of dual-feasible and superadditive functions, Clautiaux et al,, 2010 [£'
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Design — Stronger pruning

Which DFF is the best?

Lower bound Total Optimal Only Optimal
Leem 1219 40
Lt 1151 2
Lgj 1101 47
Ly 973 1
Lsy 742 2
Lrap2 189 10

None dominate.



Design — Stronger pruning

Which DFF is the best?

Lower bound Total Optimal Only Optimal

Lo 1219 40
Lt 1151 2
Leyy 1101 47
Lygs 973
L 742 2
Lran 189 10

Use the GPU to calculate all the lower bounds in parallel!



Design - Stronger pruning

Lower bounds apply to instances, while search handles partial packings.

Reduce a partial packing to an “equivalent” instance.

The basic reduction is Ry, but Ry, and Ruqx are generally more accurate.

Consistency Check for the Bin Packing Constraint Revisited, Dupuis et al, 2010 [£'


https://doi.org/10.1007/978-3-642-13520-0_15

Design — Stronger pruning

Lower bounds apply to instances, while search handles partial packings.
Reduce a partial packing to an “equivalent” instance.

The basic reduction is Ry, but Ry, and Ruqx are generally more accurate.

10 M

Consistency Check for the Bin Packing Constraint Revisited, Dupuis et al, 2010 [£'
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Design — Stronger pruning

Lower bounds apply to instances, while search handles partial packings.
Reduce a partial packing to an “equivalent” instance.

The basic reduction is Ry, but Ry, and Ruqx are generally more accurate.

1 ®10
7

Consistency Check for the Bin Packing Constraint Revisited, Dupuis et al, 2010 [£'



https://doi.org/10.1007/978-3-642-13520-0_15

nger pruning

Sequential calculation of the DFFs-based lower bound:

Function: getLowerBound(c, W, k,X) — (b

1«0

2 for R € {Ro, Ryin, Ruax} do

3 (CR,WR) — R(CA, W, X)

4 forfe {zCCthMT»fBHsfVBZ,fFSthADZ} do

5 (A, A) < getParametersMinMax(f, cr)
6 Lf +~— 0

7 for A < Ato X do

8 L Ls + max (Lf, (ﬁ > wew fW, A)—D
9 b < max(lb, Ly)

10 if [b > k then return (b
1 return (b

19



tronger pruning

Sequential calculation of the DFFs-based lower bound:

Function: getLowerBound(c, W, k,X) — (b

1«0

2 for R € {Ro, Ryin, Ruax} do

3 (CR,WR) — R(CA, W, X)

4 forfe {zCCthMT»fBHsfVBZ,fFSthADZ} do

5 (A, A) < getParametersMinMax(f, cr)
6 Lf +~— 0

7 for A < Ato X do

8 L Ls + max (Lf, (ﬁ > wew fW, A)—D
9 b < max(lb, Ly)

10 if [b > k then return (b

1 return (b

- Independent iterations.
- Fits in 11 cache.
- No if/else branches.

- Few atomics.

19



Design — Stronger pruning

Lower bounds for different sampling of X values:

Instance N1C1TW2_A

Optimal Value

28 W e

W Lyr
WLy
264 M Ly
W L5
254 B Lpanz

Lower bound

20



Design — Stronger pruning

Lower bounds for different sampling of X values:

Instance N1C2W2_T

Optimal Value

W Leam
W Lyr
WLy
W Ly,
W L5
B Lpanz

Lower bound
NN N
OB OR

~
f

o
S
L
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Design — Stronger pruning

Lower bounds for different sampling of X values:

Instance N2C3W4_D

Optimal Value

W Leam
W Lyr
WLy
414 W Lyg;
W L5
404 B Lpanz

Lower bound

20



Results




We used various BPP benchmarks from the literature to compare:

- Standard lower bound (L2).

- Linear relaxation of the Arc-Flow model (Arc-Flow)'.

- Sampled sequential implementation (DFFs-Seq-CPU).
- Sampled multithread implementation (DFFs-Par-CPU).
- Complete GPU implementation (DFFs-GPU).

1 Propagating the Bin Packing Constraint Using Linear Programming, Cambazard et al, 2010 [£'

21


https://doi.org/10.1007/978-3-642-15396-9_13

Model and search setup:

- Add one more bin until solution is found.
- Decreasing Best Fit heuristic.

- Symmetry breaking and dominance rules.
- 10 minutes timeout.

Benchmark system:

- Intel Core i7-10700K (8 Cores at 3.8 GHz).

- NVIDIA GeForce RTX 3080 (8704 CUDA Cores at 1.4 GHz).
- 32 GB RAM.

- Ubuntu Linux 22.04 LTS.

- CUDA 11.8.

- CPLEX 221 (for Arc-Flow).

22



Solved Instances
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Solved Instances

Scholl 1 (720 instances)

Scholl 2 (480 instances)

100% 100%
75% F75%
__/
50% F50%
— ]2
25% — Arc-Flow F25%
DFFs-CPU-Seq
= DFFs-CPU-Par
— DFFs-GPU
0% : : : : : : : : 0%
0.01 01 1 10 100 600 001 01 1 10 100 600
Solve Time [s] Solve Time [s]

SaduUelSuU| PaAjos

23



Solved Instances

Weibull (552 instances)

Scaled Non-IRUP (150 instances)
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Conclusion




Conclusion - Code

Code repository:

https://bitbucket.org/constraint-programming/bpp-minicpp
https://bitbucket.org/constraint-programming/fzn-minicpp

Transparent GPU utilization in MiniZinc (E&3):

include "globals.mzn";
include "minicpp.mzn";

int: n_items; % Number of items
int: capacity; % Capacity of each bin
array [1..n_items] of int: weights; % Weights of items

constraint bin_packing(capacity, items_bin, weights) ::gpu;

24


https://bitbucket.org/constraint-programming/bpp-minicpp
https://bitbucket.org/constraint-programming/fzn-minicpp
https://youtu.be/SQ3XhjoV8Ow

Conclusions

BinPacking constraint:

- Novel trade-off pruning time vs pruning strength.

- Applicable to 2D, 3D, and Vector Packing Problems.

GPU in Constraint Programming:

- GPU can also be utilized for pruning.
- It is essential to rethink algorithmic design choices.

25
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