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Forecast

Question: What properties must a Boolean Valued Constraint
Satisfaction Problem (VCSP) satisfy in order to contain an
exponentially long steepest ascent?

Result: This paper lowers the bound on the necessary
pathwidth of the constraint graph from 7 to 4.

Idea: We define a VCSP with a long ordered ascent, which can
be “simulated" by a steepest ascent on a Boolean VCSP of
pathwidth 4.
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Motivation

For us: local algorithms are ascents.

Finding a global maximum on VCSPs of bounded treewidth can
be done in polynomial time1.

But there are situations where local search is forced upon us.

Example: biological evolution.

Important question in biology: is evolution open-ended?

1Bertelè, U., & Brioschi, F. (1973).On non-serial dynamic programming.
Journal of Combinatorial Theory, Series A, 14(2), 137–148.
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Definition: VCSP instance

Valued constraint CS :
∏

i∈S Di → Z with scope S ⊆ [n] and
arity |S|.

Definition
A VCSP instance on

∏n
i=1Di is a collection of valued

constraints {CS1 , CS2 , . . . , CSm}. The fitness function
f :
∏

i=1n Di → Z is given by

f(x) =

m∑
i=1

CSi((xj)j∈Si).
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Example: VCSP instance on 4 variables

Assignments in {0, 1} × {A,B,C} × {0, 1} × {A,B,C}.

Constraints L =

0 1( )0 2 A

1 1 B

2 0 C

, M =

A B C( )
0 1 0 0

1 0 1 1

6L(−,0)︷ ︸︸ ︷( )
0 A

6 B

12 C

4321

5M2LM
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Ascent is sequence of assignments with increasing fitness,
where each pair of consecutive assignments are neighbors.

Steepest ascent is ascent in which every step is the one with
highest fitness increase.
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Definition: ordered ascents
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Figure 2: <-ordered step from assignment 0A0A.

Definition
Let C = {CS1 , . . . , CSm} be a VCSP instance on

∏n
i=1Di.

Let ≺ be an ordering on {1, 2, . . . , n}. We call an ascent
p = (x0, . . . , xT ) a ≺-ordered ascent on C if at any time,
p changes an entry in the domain with ≺-minimal index
where a change can yield a fitness increase.
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The construction

STEP 1: 2-by-3 VCSP with long
ordered ascent.

2(mh+1)L(−,0)︷ ︸︸ ︷( )
0 A

mh + 1 B

2mh + 2 C

2h· · ·2k + 12k· · ·1

mhMmkMM

mk+1︷ ︸︸ ︷
(2mk + 3)MmkM (mk + 1)L

STEP 2: "Padded" VCSP with
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(2n + 1)Ŝ1
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STEP 1: 2-by-3 VCSP instance

Assignments in ({0, 1} × {A,B,C})h

Constraints L =

A B( )0 2 A

1 1 B

2 0 C

, M =

A B C( )
0 1 0 A

1 0 1 B

Weights: m1 = 1, mk+1 = 2mk + 3
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2mh + 2 C

2h· · ·2k + 12k· · ·1
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(2mk + 3)MmkM (mk + 1)L

Figure 3: The 2-by-3 VCSP instance on n = 2h variables.
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Introduction Background Results Conclusion

STEP 1: long ordered ascent

0A0A

1A0A

1B0A

0B0A . . .

0A0B

0A1A

1B1C

0B1C

0A1C

1A1C

Claim: The 2-by-3 VCSP instance has a single local peak
1A1A . . . 1A1C.

We consider the <-ordered ascent starting at 0A0A . . . 0A.
Claim: Every step in this ascent increases fitness by 1.
Ordered ascent takes an exponential number of steps.
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STEP 2: Padded VCSP with long steepest ascent

0A0A

1A0A

1B0A

0B0A

0A0B

0A1A

1B1C

0B1C

0A1C

1A1C

0A0A

1A0A

0B0A

0A0B

0A1A0A0A

1A0A

0B0A

0A0B

0A1A

Increase the size of each domain Di by adding intermediate
states σu,v for u, v ∈ Di.

f̂(x) =


(2n+ 1)f(x), x ∈

∏n
i=1 Di

n− k + 1 + (2n+ 1)minh∈{u,v} f(x[k : h]), x contains exactly one
intermediate state σu,v

at position k.

"Small enough", Otherwise
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(2n + 1)Ĵk+1
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STEP 3: Boolean Encoded VCSP

0A0A

1A0A

0B0A

0A0B

0A1A

σ01A0A

0σAB0A

0A0σAB

0Aσ01A

10 100 10 100

01 100 10 100

10 010 10 100

10 100 10 010

10 100 01 100

11 100 10 100

10 110 10 100

10 100 10 110

10 100 11 100

We encode the higher valence domains by Boolean domains.

0 7→ 10

σ01 7→ 11

1 7→ 01

A 7→ 100

σAB 7→ 110

B 7→ 010

σBC 7→ 011

C 7→ 001
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STEP 3: Boolean Encoded VCSP
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