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Normalized

• Solution: values assigned for each variable

• Feasible solution ⇔ satisfies all constraints

• Lower objective value ⇔ higher quality

Z. Chen, P. Lin, H. Hu, and S. Cai
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Complete Algorithms

Linear Search

Translated into SAT

Branch-and-Bound

Sat4j, RoundingSAT, Hybrid

MINISAT+, OpenWBO

MIP solvers SCIP, Gurobi(complete version)

Imcomplete Algorithms (Local Search) LS-PBO, DeciLS-PBO, NuPBO, OraSLS

Require exponential time in the worst case

Parallel Algorithms FiberSCIP, Gurobi

Pool performance on Real World problems

Z. Chen, P. Lin, H. Hu, and S. Cai

Divide-and-conquer

Portfolio
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Local Search Process

• Starting from an initial solution

• Iteratively performing neighbor operation until time limit

• Using the scoring function to guild neighbor operation.

Local Search for PBO

• Solution: values assigned for each variable.

• Neighbors of the current solution 𝑺: solutions that differ from 𝑺 in exactly one variable.

Find high-quality solution quickly!

Z. Chen, P. Lin, H. Hu, and S. Cai
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• Constraint Weighting Scheme: help the search avoid stuck in the local optimum

• 𝑤(𝑐) = 𝑤(𝑐) + 1 whenever the local search progress is stuck in a local optimal. 

• Scoring Function: measures the benefits of flipping a Boolean variable

• 𝑠𝑐𝑜𝑟𝑒(𝑥) = ℎ𝑠𝑐𝑜𝑟𝑒(𝑥) + 𝑜𝑠𝑐𝑜𝑟𝑒(𝑥).

• ℎ𝑠𝑐𝑜𝑟𝑒(𝑥) (𝑜𝑠𝑐𝑜𝑟𝑒(𝑥)) indicates the decrease of the total penalty of falsified hard constraints 

(objective function) caused by flipping 𝑥.

• Example Suppose 𝑤(𝑐) = 2, 𝑤(𝑜𝑐) = 1, current assignment (𝑥1, 𝑥2, 𝑥3) = (1,0,0)

𝑥1 𝑥2 𝑥3

ℎ𝑠𝑐𝑜𝑟𝑒 2 × (−2) 2 × 3 2 × 3

𝑜𝑠𝑐𝑜𝑟𝑒 1 × 10 −1 × 20 −1 × 30

Z. Chen, P. Lin, H. Hu, and S. Cai
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𝑠𝑐𝑜𝑟𝑒(𝑥) = ℎ𝑠𝑐𝑜𝑟𝑒(𝑥) + 𝑜𝑠𝑐𝑜𝑟𝑒(𝑥)

𝑠𝑐𝑜𝑟𝑒∗ 𝑥 = ℎ𝑠𝑐𝑜𝑟𝑒 𝑥 + 𝑝 ∙ 𝑜𝑠𝑐𝑜𝑟𝑒(𝑥)

Lack of dynamic 
adjustments to the ratio 

of the soft and hard 
constraints

• 𝑝 is initially set to 1 and updated every 𝐾 steps.

• If no feasible solution is found during the recent 𝐾 steps, 𝑝 = 𝑝 ÷ 𝑖𝑛𝑐 𝑖𝑛𝑐 > 1 .

• Otherwise 𝑝 = 𝑝 × 𝑖𝑛𝑐.

Z. Chen, P. Lin, H. Hu, and S. Cai
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• Example

Suppose 𝑤(𝑐) = 2,𝑤(𝑜𝑐) = 1, current assignment (𝑥1, 𝑥2, 𝑥3) = (1,0,0)

• Situation 1: Feasible solutions are found frequently in recent period. (Suppose 𝑝 = 2)

𝑥1 𝑥2 𝑥3

ℎ𝑠𝑐𝑜𝑟𝑒 −4 6 6

𝑜𝑠𝑐𝑜𝑟𝑒 10 −20 −30

𝑥1 𝑥2 𝑥3

𝑠𝑐𝑜𝑟𝑒∗ 16 −34 −54

• Situation 2: No feasible solution can be found in recent period. (Suppose 𝑝 = 0.01 )

𝑥1 𝑥2 𝑥3

𝑠𝑐𝑜𝑟𝑒∗ −3 4 3

Z. Chen, P. Lin, H. Hu, and S. Cai
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• Compare with LS-PBO • Compare with Other Sequential Sota Solvers

Z. Chen, P. Lin, H. Hu, and S. Cai
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Information to guild 

the search process

Literal Assume

the occurrence of polarities of 

variables in high-quality solution

high-quality solution

Z. Chen, P. Lin, H. Hu, and S. Cai
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Solution Pool 𝑃

Search progress of a single thread

𝑑𝑖𝑣 𝑆 = ෍

𝑆′∈𝑃

𝐻𝑎𝑚𝑚𝑖𝑛𝑔(𝑆, 𝑆′)

𝑟𝑚𝑖𝑥 𝑆 = 𝑟𝑎𝑛𝑘𝑜𝑏𝑗 𝑆 ∙ 𝑝∗ + 𝑟𝑎𝑛𝑘𝑑𝑖𝑣(𝑆) ∙ (1 − 𝑝∗)

Let {𝑆1, … , 𝑆𝑘} denotes the better solution from 𝑃, 

the probability of selecting 𝑆𝑖 is 

𝑂𝑏𝑗 𝑆𝑐𝑢𝑟 −𝑂𝑏𝑗(𝑆𝑖)

σ𝑗=1
𝑘 𝑂𝑏𝑗 𝑆𝑐𝑢𝑟 −𝑂𝑏𝑗(𝑆𝑗)

Find a feasible solution         Update 𝑃

Get stuck in a local optimal         Replacing by a better solution from 𝑃

Z. Chen, P. Lin, H. Hu, and S. Cai
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𝑤𝑝𝑑(𝑥) : polarity density weight for a variable 𝑥

• Update: once a solution 𝑆 is added to the 𝑃

Reflects the preference of certain 

polarity of 𝑥 appearing in high-

quality solutions.Global Function !

𝑠𝑐𝑜𝑟𝑒∗∗(𝑥) : an enhanced scoring function

Z. Chen, P. Lin, H. Hu, and S. Cai
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• Example

Suppose 𝑤(𝑐) = 2, 𝑤(𝑜𝑐) = 1, current assignment 𝑥1, 𝑥2, 𝑥3 = 1,0,0 , 𝑝 = 1

𝑥1 𝑥2 𝑥3

𝑠𝑐𝑜𝑟𝑒∗ 6 −14 −24

𝑥1 𝑥2 𝑥3

𝑠𝑐𝑜𝑟𝑒∗∗ 6 ÷ 1.1 (−14) × 1.1 (−24) × 0.9

Suppose 𝑤𝑝𝑑 𝑥1 = 1.1, 𝑤𝑝𝑑 𝑥2 = 1.1, 𝑤𝑝𝑑 𝑥3 = 0.9

Z. Chen, P. Lin, H. Hu, and S. Cai
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• Effectiveness Analysis • Scalability Analysis

• 𝑉1 : disable the sharing mechanism.

• 𝑉2 : disable global score mechanism.

• Baseline: Gurobi (32 threads).

Z. Chen, P. Lin, H. Hu, and S. Cai
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ParLS-PBO: A Parallel Local Search Solver for Pseudo Boolean Optimization

Our code: https://github.com/shaowei-cai-group/ParLS-PBO

Implement a distributed version of ParLS-PBO for cloud computation

Applied the ideas of this work to other problems (SAT, MaxSAT, ……).

Z. Chen, P. Lin, H. Hu, and S. Cai

https://github.com/shaowei-cai-group/ParLS-PBO
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