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Introduction

Decision Diagrams (Exact)

• a graphical representation of the solution space

• generic: require a Dynamic Programming formulation

• exponential size 
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Maximum Independent Set Problem (MISP)

• NP-hard combinatorial problem

• Problem: Given a graph 𝐺 = (𝑉, 𝐸), find the 

largest 𝐼 ∈ 𝑉 subset of its vertices such that 

∀ 𝑣, 𝑢 ∈ 𝐼, 𝑢, 𝑣 ∉ 𝐸

• IP formulation: 

• 𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 σ𝑣∈𝑉 𝑥𝑣

S.t. 𝑥𝑢+ 𝑥𝑣 ≤ 1, ∀ (𝑢, 𝑣) ∈ 𝐸

𝑥𝑣 ∈ {0,1}
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Approximate Decision Diagrams (restricted and relaxed)

• linear size

• obtain (combinatorial) primal and dual bounds

• put in generic exact algorithms (e.g. B&B or P&B)

• quality of the bounds depend on heuristic strategies 

for 1. node selection and 2. variable ordering



Learning more about Decision Diagrams for
Optimization

• A gentle introduction:

• A survey:
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Some Decision Diagram based Solvers
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Peal-and-Bound: Solving Discrete

Optimization Problems with Decision

Diagrams and Separation

PhD Thesis by Isaac Rudich (August 2024) 

Developed in Julia

DDO, a Generic and Efficient Framework 

for MDD-based Optimization

By Xavier Gillard, Pierre Schaus, Vianney

Coppé

Developed in Rust



Top-Down Compilation of Exact DD for MISP
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𝑥1= 𝑣1

{ }

𝑥5 = 𝑣5
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𝑥2 = 𝑣2

{ }

𝑥4

𝑥3

{𝒗𝟓} 1

{𝒗𝟒, 𝒗𝟓} 0 {𝒗𝟓} 1 {𝒗𝟒}{ } 12

{𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓}

{𝒗𝟑, 𝒗𝟒, 𝒗𝟓} {𝒗𝟑} {𝒗𝟑, 𝒗𝟒}

0

0

0

1
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𝑥3

{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} 1 {𝒗𝟒}{ } 12

𝑥4 = 𝑣4

0

𝑥3

{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} 1 {𝒗𝟒}{ } 12

𝑥3

{𝒗𝟒, 𝒗𝟓} 0 {𝒗𝟓} 1 {𝒗𝟒}{ } 12

𝑥3

{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} 1 {𝒗𝟒}{ } 120

𝑥3 = 𝑣3

{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} 1 {𝒗𝟒}{ } 12

{𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓} {𝒗𝟑, 𝒗𝟒}𝐶↓ (𝑣)𝑆(𝑣)

x := 0 x := 1

For the MISP:
State 𝑆: Admissible vertices
State transition 𝑓 𝑆, 𝑥𝑖 :

𝑓(𝑆, 𝑥𝑖) = ቊ
𝑆 for 𝑥𝑖 = 0

𝑆 \ 𝑁 𝑥𝑖 for 𝑥𝑖 = 1

𝑣1

𝑣4

𝑣3 𝑣5

𝑣2



Top-Down Compilation of Relaxed DD for MISP

Dual Bounds via Relaxed Decision Diagrams

• given a maximum permitted width W

• if the width of a layer exceeds W: merge

nodes until W is respected

• to obtain the state of the merged nodes, 

apply a problem-specific merge operation

(⊕) that ensures a valid relaxation:
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{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} {𝒗𝟒}{ }

For MISP: ⊕=∪
𝑖. 𝑒. 𝑆1 ⊕𝑆2 ⊕⋯⊕𝑆𝑘= 𝑆1 ∪ 𝑆2 ∪⋯∪ 𝑆𝑘

{𝒗𝟒, 𝒗𝟓} {𝒗𝟓} {𝒗𝟒}

⊕

Merging nodes introduces errors

The error (hence quality of the bounds) depends on:

1. node selection, 2. variable ordering

How can we control (decrease) the error?



Some Related Works on Variable Ordering

Using Machine Learning

• using Reinforcement Learning (Cappart et. al 

2019, 2021, 2023) [MISP]

• Algorithm selection (Karahalios and van Hoeve

2021)
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Classical methods (no maching learning)

• generic: look-ahead (Bergman et al. 2016, book)

• specific [MISP]: state information, i.e. MIN 

(Bergman et al. 2016, book)

This paper:

use graph-theoretical information from induced subgraphs corresponding to states



Some Related Works on Node Selection

Strategies based on Sorting

(keep the best W-1 nodes, merge the rest)  

• by objective function value (SO) 

• using state information

• using binary classifiers, look-ahead (Frohner and

Raidl 2019) [MISP]

• tie-breaking strategies for nodes with identical

values (Frohner and Raidl 2020) [MISP]
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Strategies based on Grouping

(group nodes according to state similarity) 

• using labeling functions (Horn et al. 2021)

• using problem-specific distances (de Weerdt et al.  

2021)

• using unsupervised clustering (Nafar and Römer 

2024)

• approximate equivalence using lookahead, merge

and reduce (Nafar and Römer 2024)

This paper:

use Border Tie (BT) merging for improving the node selection



Errors in relaxed DDs for MISP
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• Errors in a merged node is a “two-sided” over-approximation of all the nodes in the merge: 

over-approximating the states of the merged nodes

forming a super-set of their states

less diversity of states

Variable Ordering (Dynamic)



Relaxed DDs for MISP instance
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• no particular variable ordering • MIN variable ordering

{ }

2

4

{ }{𝒗𝟓} 3
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{𝒗𝟑, 𝒗𝟒}{𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓}

{𝒗𝟑, 𝒗𝟒, 𝒗𝟓} {𝒗𝟑, 𝒗𝟒}

0

0

1

1
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3
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{𝒗𝟏, 𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓}

{𝒗𝟑, 𝒗𝟒}{𝒗𝟐, 𝒗𝟑, 𝒗𝟒, 𝒗𝟓}
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0

0
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𝑥1= 𝑣1
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𝑥2 = 𝑣2

𝑥4 = 𝑣4

𝑥3 = 𝑣3

𝑥1= 𝑣1

𝑥5 = 𝑣4

𝑥2 = 𝑣2

𝑥4 = 𝑣3

𝑥3 = 𝑣5



Current Degree Sum: CDS Variable Ordering
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• Change the point of view: Original problem

1. Less Diversity (similar states)

2. More intersection with optimum solutions

3. Potentially smaller layers

• Original problem: More information

HOW?!

Vertex with lower degree, if one graph (state)

But layers have more than one graph!!!

Current Degree Sum: CDS



𝒔∈𝑳

𝒅𝒈𝒔(𝒗𝒊)



Relaxed DD for MISP using CDS variable ordering

Nafar, Römer     |       Strengthen Relaxed Decision Diagram for MISP: Novel variable ordering and Merge Heuristic 12

𝑣1

𝑣4𝑣5 𝑣3

𝑣2

𝑣1

𝑣4𝑣5

𝑣2

𝑣1

𝑣5

𝑣2 𝑣1

𝑣5

𝑣2

𝑣1

𝑣5

𝑣1

𝑣5

𝑣5

0

0

1 1

1 1

2 2

1

2

𝑥1= 𝑣3 𝑥5 = 𝑣5

𝑥4 = 𝑣1

𝑥3 = 𝑣2

𝑥2 = 𝑣4



Errors in relaxed DDs for MISP
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• Errors in a merged node is a “two-sided” over-approximation of all the nodes in the merge: 

over-approximating the states of the merged nodes over-approximating the longest paths from root

forming a super-set of their states redirecting the in-arcs

less diversity of states closer objective values  

Variable Ordering (Dynamic) Node Selection (Tie-Based Merge)



Node Selection in relaxed DDs for MISP
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Definition 1. (Border Tie). Let the nodes in a layer of a DD be sorted according to some criterion C and SortC be its
corresponding sorted list, and let W be the given maximum width. A subsequence of SortC in which all nodes have the
same criterion value and which includes SortC [W − 1] and SortC [W] is called a Border Tie.

1. keep the best W-1 nodes according to

objective value

2. merge the rest

1. keep the best W-1 nodes according to

objective value

2. merge border tie nodes (if any)

3. merge the rest (if any)



Computational Results: Gap-Time (Dual bounds)
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• random graph instances, 20 instance per density each with 100 vertices

• Comparing the bounds obtained with our approachs to those with the standard approachs
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Computational Results: DD Sizes
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• SO vs BT: smaller DD + more merged nodes, but better dual bounds: Success?!

• MIN vs CDS: control the diversity of the states to reduce the destructive effect of merge: Success?!
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Computational Results: Branch-and-Bound

17
Nafar, Römer     |       Strengthen Relaxed Decision Diagram for MISP: Novel variable ordering and Merge Heuristic

• Any combination containing BT or CDS or both is better than (MIN,SO)



Computational Results: Branch-and-Bound
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(CDS,BT): benefits of both, (good bounds, more intersections): solved subproblems reduced by 50% 

(MIN,BT) better bounds and solution times 
than (CDS,SO), but more subproblems to solve: 
good quality bounds is not the only factor?!

Hypothesis: the intuitions behind the design of 
CDS (more intersections with optimal solutions) 



Conclusions
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• We proposed for MISP: 

• a novel variable ordering approach which is based-on graph theoretical 
information obtained from induced subgraphs corresponding to states

• a new tie-based node selection approach 

• These simple ideas yield considerably stronger dual bounds than the standard and most 

commonly used approaches 

• As was shown in multiple previous papers, better bounds translate into faster exact 

algorithms such as branch-and-bound
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